A Schur Type Inequality for Five Variables II  by Finta, Béla
 Procedia Technology  22 ( 2016 )  931 – 933 
Available online at www.sciencedirect.com
ScienceDirect
2212-0173 © 2016 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the “Petru Maior” University of Tirgu Mures, Faculty of Engineering
doi: 10.1016/j.protcy.2016.01.089 
9th International Conference Interdisciplinarity in Engineering, INTER-ENG 2015, 8-9 October
2015, Tirgu-Mures, Romania
A Schur type inequality for ﬁve variables II
Be´la Finta
“Petru Maior” University of Taˆrgu Mures
N. Iorga street nr. 1, 540088, Romania
Abstract
The purpose of this paper is to deduce a Schur type inequality for ﬁve variables.
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1. Introduction
Let us consider three real variables x, y, t ∈ R such that x, y ≥ 0 and t > 0. Then xt(x − y) + yt(y − x) ≥ 0. Indeed,
without loss of generality we can suppose, that x ≥ y ≥ 0. This means xt ≥ yt for t > 0. Consequently (x−y)(xt−yt) ≥ 0
i.e.
xt(x − y) + yt(y − x) ≥ 0. (1)
Now let us consider four real variables x, y, z, t ∈ R such that x, y, z ≥ 0 and t > 0. Then
xt(x − y)(x − z) + yt(y − x)(y − z) + zt(z − x)(z − y) ≥ 0, (2)
which is known as Schur’s inequality, see for example [1]. The idea of Schur in order to prove this inequality is the
following: without loss of generality we can suppose x ≥ y ≥ z ≥ 0. Then we write this inequality in the form:
(x − y)[xt(x − z) − yt(y − z)] + zt(z − x)(z − y) ≥ 0. Now xt ≥ yt ≥ 0 and x − z ≥ y − z ≥ 0 so xt(x − z) ≥ yt(y − z).
This means that (x − y)[xt(x − z) − yt(y − z)] ≥ 0. At the same time zt(z − x)(z − y) ≥ 0. By addition we obtain Schur’s
inequality (2).
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In [3] we generalized Schur’s inequality for ﬁve variables. Let us consider ﬁve real variables x, y, z, v, t ∈ R such
that x, y, z, v ≥ 0, t > 0. Then we proposed the following Schur’s type inequality:
xt(x − y)(x − z)(x − v) + yt(y − x)(y − z)(y − v)+
+zt(z − x)(z − y)(z − v) + vt(v − x)(v − y)(v − z) ≥ 0. (3)
If we want to use Schur’s idea in this case and we group the ﬁrst term with the second or with the third or with the
fourth, respectively, then we can not prove this inequality. Indeed, if we choose x = 6, y = 4, z = 2, v = 1, t = 1
then (3) is true, but if we choose x = 10, y = 9, z = 7, v = 2, t = 1 then (3) is false. In [3] in order to preserved the
Schur type inequality (3) we took a simple supplementary condition. Without loss of generality we can suppose that
x ≥ y ≥ z ≥ v ≥ 0.
Theorem 1. If the real numbers x, y, z, v, t ∈ R are such that x ≥ y ≥ z ≥ v ≥ 0, t > 0 and x + v ≥ y + z then the Schur
type inequality (3) is true.
2. Main part
In [2] V. Vornicu gives the following generalization of Schur’s inequality (2): if the function f : R → [0,∞) is
monotone increasing or convex then we have:
f (x)(x − y)(x − z) + f (y)(y − x)(y − z) + f (z)(z − x)(z − y) ≥ 0. (4)
Using the above we propose the following Schur’s type inequality, which is a generalization of (3):
f (x)(x − y)(x − z)(x − v) + f (y)(y − x)(y − z)(y − v)+
+ f (z)(z − x)(z − y)(z − v) + f (v)(v − x)(v − y)(v − z) ≥ 0. (5)
where f : R→ [0,∞) is a given function.
We denote G : [0,∞)4 → R
G(x, y, z, v) = f (x)(x − y)(x − z)(x − v) + f (y)(y − x)(y − z)(y − v)+
+ f (z)(z − x)(z − y)(z − v) + f (v)(v − x)(v − y)(v − z) (6)
Without loss of generality we can suppose that x ≥ y ≥ z ≥ v ≥ 0.
Next we show the following result:
Theorem 2. If the real numbers x, y, z, v ∈ R are such that x ≥ y ≥ z ≥ v ≥ 0 and x + v ≥ y + z then the Schur type
inequality (5) is true for every monotone increasing function f : R→ [0,∞).
Proof. Let f : R → [0,∞) be a monotone increasing function and let us denote a = x − y ≥ 0, b = y − z ≥ 0, c =
z − v ≥ 0. The condition x + v ≥ y + z means x − y ≥ z − v i.e. a ≥ c. Now we rewrite the left side of (5) using (6) and
the variables a, b, c :
G(x, y, z, v) = f (x) · a · (a + b) · (a + b + c) + f (y) · (−a) · b · (b + c)+
+ f (z) · [−(a + b)] · (−b) · c + f (v) · [−(a + b + c)] · [−(b + c)] · (−c) =
= (a + b + c) · [ f (x) · a · (a + b) − f (v) · (b + c) · c]−
−b · [ f (y) · a · (b + c) − f (z) · (a + b) · c].
(7)
We will demonstrate that
f (y) · a · (b + c) − f (z) · (a + b) · c ≥ 0. (8)
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Indeed, from y ≥ z ≥ 0 we can deduce that f (y) ≥ f (z) ≥ 0 and a · (b + c) ≥ (a + b) · c ≥ 0, because a ≥ c ⇒
a · b ≥ b · c ⇒ a · b + a · c ≥ a · c + b · c ⇒ a · (b + c) ≥ (a + b) · c ≥ 0. So f (y) · a · (b + c) ≥ f (z) · (a + b) · c, i.e.
f (y) · a · (b + c) − f (z) · (a + b) · c ≥ 0.
Next we will show that
f (x) · a · (a + b) − f (v) · (b + c) · c ≥ f (y) · a · (b + c) − f (z) · (a + b) · c⇔
f (x) · a · (a + b) + f (z) · (a + b) · c ≥ f (y) · a · (b + c) + f (v) · (b + c) · c. (9)
Indeed x ≥ y ≥ 0⇒ f (x) ≥ f (y) ≥ 0 and a ≥ c⇒ a + b ≥ b + c⇒ a · (a + b) ≥ a · (b + c) ≥ 0, so
f (x) · a · (a + b) ≥ f (y) · a · (b + c). (10)
At the same time z ≥ v ≥ 0⇒ f (z) ≥ f (v) ≥ 0 and a ≥ c⇒ a + b ≥ b + c⇒ (a + b) · c ≥ (b + c) · c ≥ 0, so
f (z) · (a + b) · c ≥ f (v) · (b + c) · c. (11)
Now we add the inequalities (10) and (11) and we obtain (9).
To ﬁnish the proof we use the inequalities (8) and (9):
f (x) · a · (a + b) − f (v) · (b + c) · c ≥ f (y) · a · (b + c) − f (z) · (a + b) · c ≥ 0 (12)
But a + b + c ≥ b ≥ 0. Consequently by multiplication term by term of these inequalities and using the form (7) we
get G(x, y, z, v) ≥ 0.
Remark 1. Using the hypothesis of theorem 2 we can observe that in the Schur type inequality (5) we realize the
equality in the following case: x = y = z = v ≥ 0.
Remark 2. If we choose in the announce of theorem 2 the monotone increasing function f : [0,∞)→ [0,∞), f (x) =
xt for t > 0 ﬁxed real number, then from (5) we reobtain (3) and theorem 2 reduces to theorem 1.
Remark 3. If the function f is convex, then our result does not remain valid. Indeed, we choose the convex function
f : R→ [0,+∞), f (x) = (x − 3)2 and the values x = 3, y = 2, z = 1, v = 0, so we obtain that our inequality (5) is false
with condition x + v ≥ y + z.
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